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Background

Regression analysis has widespread applications in actuarial work – in this project, we apply regression analysis to loss reserving in the property and casualty insurance industry.  There are two parameters that are very significant in the reserving model.  The first being the inflation rate and the second being the decay rate.  The inflation rate reflects the fact that prices of commodities rise due to inflation and therefore, it is reasonable the amount of reserves need to be adjusted upwards to accommodate inflation.  The decay rate reflects the fact losses are likely to be paid within a short period; therefore, the amount of paid losses for accidents in year X is likely to decay as time progresses.  In this project, we simulate the loss triangle for 20 calendar years.  The paid losses are simulated with a stochastic term that attempts to model the fact that real-world losses are indeed stochastic.  Then we use regression analysis to determine whether the regression coefficients are indeed “close” to the chosen parameter values and review the regression model for validity and soundness.
Data Simulation 


This section describes the method that is used to generate the paid losses data for the regression analysis without discussing the details (see attached Excel spreadsheet for further details).  We simulated paid losses for 20 calendar years with parameters as shown in Table (1).  A stochastic term is added to the simulation process to model the fact that there is some randomness in the amount of paid losses.

Table 1. Parameter Values

	Parameter
	Description
	Value
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	Geometric decay rate of paid losses
	-0.20
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	Inflation rate of paid losses
	+0.10
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	Adjustment to geometric decay rate
	+0.15
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	Indicator random variable that takes on the value of 1 or 0
	0 if 
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 ≤ 5

1 if 
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	σ
	Stochastic term
	0.10


The purpose of the parameter 
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 is to model the fact that the geometric decay rate of paid losses is not constant throughout the horizon.  The decay rate is high in the beginning and then reaches steady state after a certain number of years.  We proceed to perform regression analysis on the simulated data with the assumption that the parameter values that are used to generate the simulated data are unknown.  After the regression analysis is complete, we will compare estimated parameter values with the parameter values used to generate the simulated data to evaluate the validity of the regression analysis.  
[NEAS: This candidate uses a 20 year loss development pattern, as is appropriate for long-tailed lines of business.  He models a change in the decay rate from –20% for the first five years to –5% for subsequent years.  This pattern occurs for workers’ compensation, where temporary disabilities are paid within the first five years and permanent disabilities may extend for 30 or 40 years.]

Regression Model

This section discusses the hypotheses that we wish to test as well as the results of the regression analysis performed on the data from the previous section.  The primary purpose of the regression analysis is to test whether the geometric decay rate of paid losses is constant.  From experience, we believe that the geometric decay rate is a step function – it is constant for the first five development periods and then shifts to another constant for the remaining development periods.  For this purpose, we fit the simulated values of the paid losses to the following multiple regression equation
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=
estimated paid losses
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=
base value of paid losses
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=
geometric decay rate of paid losses (initial)
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=
inflation rate of paid losses
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=
geometric decay rate of paid losses (final)
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=
development year
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calendar year
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=
indicator whose value if 
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The regression model can be interpreted as follows – the paid losses will increase linearly as a function of the calendar year due to the inflation factor β2 and will decrease linearly as a function of the development year due to the geometric decay rate.  The initial decay rate is modeled as a step function where it is a constant for a fixed number of initial years and then achieves a steady state value for future years.  This is an attempt to model the fact that the decay rate for the initial years is higher than subsequent year.  The null hypothesis is that 
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 = 0 (i.e. the geometric decay rate is constant throughout the horizon).  The next section discusses the results of the regression analysis.
[NEAS: The candidate copies the assumptions and regression results into the write-up, so the NEAS faculty member reviewing his student project can follow his reasoning. We strongly recommend that you do the same.]

Data Analysis
Figure (1) shows the output of the regression analysis on the restricted model (i.e. 
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 = 0).
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Figure 1. Output of Regression Analysis on Restricted Model
Figure (2) shows the output of the regression analysis on the unrestricted model (i.e. 
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 ≠ 0).
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Figure 2. Output of Regression Analysis on Un-Restricted Model
[NEAS: The candidate should use I × ß3 × (X1 – 5) as the right-most term in this regression equation.  His equation, which lacks the “–5,” won’t give 15% for ß3. The table of regression coefficients for the unrestricted equation shows the correct values for ß1 and ß2, but a ß3 that is off by 2.7 percentage points, or 2.729% / 15% = 18.19%.  The candidate ascribes the difference to random error.  It stems from the form of the unrestricted equation, not from random error.]

[NEAS: The student project on loss reserving allows you to check your formulas and avoid errors.  First run the regression analysis with low stochasticity, such as σ = 0.01.  The estimate of ß3 (and the other ß’s) should be almost identical to the simulation parameters.  If they are not, correct the error before proceeding.  In the scenario here, a regression analysis with σ = 0.01 would not give 15% for β3.]
The F statistic can be computed through the equation
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The computed value of the F statistic is 21.79 which is greater than the critical F value at the 5% significance level.  Based on the F statistic we reject the null hypothesis that 
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 = 0 and conclude that the geometric decay rate is NOT constant throughout the horizon and has a step function behavior with the transition occurring for development years greater than 5.  The remaining discussion of the regression output is for the output from the unrestricted model. 

Table (3) shows the known parameters values used to generate the simulated paid losses and the estimated parameter values from the regression analysis along with the standard error.
Table 3. Parameter Values
	Parameter
	“Known” Values
	Estimated Values
	Standard Error
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	-0.20
	-0.200
	+0.030
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	+0.10
	+0.098
	+0.002
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	+0.15
	+0.177
	+0.038


The true parameter values are within 2 standard deviations of the estimated parameter values.  This validates the regression model; however, it is worth noting that in reality the true parameter values are not known, but we expect the regression model to produce parameters values that are within 2 standard deviations of the true parameter values 95% of the time.

In our regression model, we have used the two independent variables 
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 (development year) and 
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 (calendar year).  However, these two variables are dependent and are correlated with a correlation factor of 0.5.  Although, this does not invalidate our regression model, it is worth noting that the variance of our estimated regression parameters will be higher.  Generally, this phenomenon known as “multi-collinearity” in the regression will produce unbiased estimates of the parameters; however, the increased variance brought forth may render the estimates useless.

It is worth observing the residuals of the observations from the regression model.  The residuals are computed in the attached excel spreadsheet.  We expect the overall sum of the residuals to be close to zero.  This is verified in the spreadsheet.  Figure (3) shows the residual plots of  
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 and 
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of the unrestricted model.
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Figure 3. Residual Plots of Unrestricted Model
In the simulation process, we added a stochasticity term to model the fact that paid losses have a random nature.  The stochasticity term affects the variance of the estimated regression parameters.  The variance of the estimated parameters increases with the value of the stochastic term and renders the output of the regression analysis less accurate.
[NEAS: The candidate says the unrestricted equation has a higher R2.  More important, the adjusted R2 changes from 95.78% to 96.16%.  When the adjusted R2 is high, it is difficult to judge whether an increase of 0.3% is material.  Compare their complements: a change from 4.22% to 3.84%, or a decrease of about 9%.]

[NEAS: To test if a regression coefficient is constant, the R2 or adjusted R2 are not ideal tests.  In his write-up, the candidate shows the residual plot for the unrestricted equation.

For clearer analysis, show the residual plots for the restricted and unrestricted equations.  The change from a V shape to a horizontal line indicates that the dummy variable corrects for the change in the inflation rate.  In this student project, the error in the regression equation with the dummy variable would be noticed in the residual plots if σ is set to 0.01.]
Conclusions


This project shows a very particular example of how regression analysis can be applied to actuarial analysis.  We were given a situation and we were able to model and perform regression analysis on simulated paid losses to test the null hypothesis that the geometric decay rate is constant throughout the horizon.  The rejection of the null hypothesis supports our intuition from experience that the geometric decay rate behaves like a step function.  Then we examined the output of the regression analysis and we able to verify that the estimated regression parameters are indeed close to the true parameters as expected.
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