Regression Analysis of Loss Reserves: Dummy Variables

Introduction
Classical regression analysis assumes the relation between the dependent and independent variables is linear and the regression parameters are constant for the entire range of the variables. However, constant parameters are not always realistic. A model with constant parameters is different than one with changing parameters. A discrete change from one constant level to another constant level has been purposely set for the inflation rate. After that, the regression model is modified to account for changing parameters over time.

The discrete change in a β parameter has been analyzed in three ways:
· How do the ordinary least squares estimators and regression results, such as the adjusted R2 or the t statistics change?  

· How can the residual plots be used to monitor the discrete change of a β parameter?  
· How can a dummy variable be used to correct for a discrete change in a β parameter?  
What exactly this project contains?
In this project, simulations are run at first for the simple case of constant inflation rate 0.14.  Next, the inflation rate is changed from 0.20 for calendar years 0-9 to 0.06 for calendar years 10-14, while keeping roughly same average inflation rate. After that, a dummy variable is added into the regression in order to account for the discrete change sharply from 0.2 to 0.06 during the 10th calendar year. It is found that adding the dummy variable solves problems that the discrete change causes in the normal regression. For all purposes of this project, 95% significance level is used. 
What each work-sheet contains?
The spreadsheet contains all of the regressions, with the list as below. In the spreadsheet, the first tab has the regression matrix, which is named RM_stable(Sigma=xxx). The second is on data, which is named Data_Abc(sigma=xxx).
	No.
	Case Name
	Regression Matrix
	Data

	1.1
	Constant inflation rate and geometric decay 
	
[image: image1.wmf]s

=0
	RM_Stable(Sigma=0)
	Data_Stable (sigma=0)

	1.2
	
	
[image: image2.wmf]s

=0.01
	RM_Stable(Sigma=0.01)
	Data_Stable (sigma=0.01)

	1.3
	
	
[image: image3.wmf]s

=0.1
	RM_Stable(Sigma=0.1)
	Data_Stable (sigma=0.1)

	1.4
	
	
[image: image4.wmf]s

=0.5
	RM_Stable(Sigma=0.5)
	Data_Stable (sigma=0.5)

	2.1
	One Discrete Change in Inflation Rate with Average Inflation = 0.14 (from 0.20 to 0.06%)
	
[image: image5.wmf]s

=0
	RM_Unstable(Sigma=0)
	Data_Unstable(Sigma=0)

	2.2
	
	
[image: image6.wmf]s

=0.01
	RM_Unstable(Sigma=0.01)
	Data_Unstable (Sigma=0.01)

	2.3
	
	
[image: image7.wmf]s

=0.1
	RM_Unstable(Sigma=0.1)
	Data_Unstable (Sigma=0.1)

	2.4
	
	
[image: image8.wmf]s

=0.5
	RM_Unstable(Sigma=0.5)
	Data_Unstable (Sigma=0.5)

	3.1
	Using a Dummy Variable to account for One Discrete Change in 

Inflation Rate
	
[image: image9.wmf]s

=0
	RM_Dummy(Sigma=0)
	RM_Dummy (Sigma=0)

	3.2
	
	
[image: image10.wmf]s

=0.01
	RM_Dummy(Sigma=0.01)
	RM_Dummy(Sigma=0.01)

	3.3
	
	
[image: image11.wmf]s

=0.1
	RM_Dummy(Sigma=0.1)
	RM_Dummy (Sigma=0.1)

	3.4
	
	
[image: image12.wmf]s

=0.5
	RM_Dummy(Sigma=0.5)
	RM_ Dummy (Sigma=0.5)


1. Constant inflation rate and geometric decay 

(
[image: image13.wmf]a

=9, 
[image: image14.wmf]1
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=-0.26, 
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=0.14)

In the beginning, the case is simulated where the parameter for geometric decay 
[image: image16.wmf]1

b

 and inflation rate 
[image: image17.wmf]2

b

 are constant.  The regression equation is:  
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The spreadsheet has a triangle of residuals. It is re-arranged so that the means and variances of the residuals can be computed by development period 
[image: image19.wmf]1

X

 and by calendar year
[image: image20.wmf]2

X

. 

Case 1.1: constant inflation rate and geometric decay with 
[image: image21.wmf]s

=0


[image: image22.wmf]s

=0 is chosen for the first run in order to make sure that the model above is correct. As displayed in the spreadsheet of “RM_stable(Sigma=0)”, the line connecting the average residuals is horizontal at the X  axis, Y-X1 and Y-X2 fit with the model above perfectly. 

Next, 
[image: image23.wmf]s

 is changed to 0.01, 0.1 and 0.5 with the regression output as the table below:
	
	Case 1.4 
	Case 1.3
	Case 1.2 

	sigma
	0.5
	0.1
	0.01

	Estimate of sigma
	0.4739
	0.1073
	0.0102

	Estimate of beta2
	0.1327
	0.1398
	0.1398

	Standard error of beta2
	0.0137
	0.0031
	0.0003

	adjusted R2
	0.7464
	0.9833
	0.9998

	TSS
	105.3717
	82.1315
	80.5621

	ESS
	26.2743
	1.3473
	0.0123

	RSS
	79.0974
	80.7842
	80.5498


Case 1.2: constant inflation rate and geometric decay with 
[image: image24.wmf]s

=0.01

Next, 
[image: image25.wmf]s

 is changed to 0.01, so that the ordinary least square estimators are about the same as the simulation assumption. As indicated in the table, an adjusted R2 = 0.9998 is obtained. The estimated values are: standard error 
[image: image26.wmf]s

 = 0.0102, the estimated alpha = 9.000326, beta1 = -0.2599, beta2 = 0.1398. With such a low stochasticity, the ordinary least square estimators are about the same as the simulation assumption, and the data here are not very interesting. 
[image: image27.emf]x2  Residual Plot
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As displayed in the figure above, as well ss available in spreadsheet of “RM_stable(Sigma=0.01)”, the line connecting the average residuals is horizontal at the X  axis, Y-X2 fit with the model above very well. 

Case 1.3: constant inflation rate and geometric decay with 
[image: image28.wmf]s

=0.10

After that, 
[image: image29.wmf]s

 is set to be 0.1, which is large enough for the simulation output to fluctuate moderately. An adjusted R2 = 0.9833 is obtained, which is significant. The estimated values are: s = 0.1073, which is quite close to the 
[image: image30.wmf]s

=0.1 used in the simulation. alpha = 8.9789, beta1 = -0.2603, beta2 = 0.1398. 
[image: image31.wmf]s

 = 0.1 gives moderate fluctuations but it is not too high to make the residual plots unreadable. It results in a fairly meaningful regression while keeping the data interesting. The estimated inflation rate 
[image: image32.wmf]L
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=0.1398 is also compared with the true inflation rate 
[image: image33.wmf]2
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=0.14 used in the simulation. They are within one standard deviation of each other 95% of the time.  The ordinary least squares estimators are unbiased but they differ very slightly from the simulation parameters.  
[image: image34.emf]x2  Residual Plot
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As displayed in the figure above, as well as available in the spreadsheet of “RM_stable(Sigma=0.1)”, the line connecting the average residuals is fluctuating along the horizontal X axis. The line connecting the average residuals are roughly horizontal.  The slope is close to zero.  The variances of the residuals show no noticeable pattern, except the variation in the variances is greater where there are fewer residuals. The average residual over the entire range is always zero and the expected average residual is zero for each value of the X variable.
Case 1.4: constant inflation rate and geometric decay with 
[image: image35.wmf]s

=0.5

Finally, 
[image: image36.wmf]s

=0.5 is chosen so that the impact of high stochasticity on the regression result can be observed. As a result, an adjusted R2 = 0.7085. The estimated values are: s = 0. 5378, which is 7.56% larger than 
[image: image37.wmf]s

=0.5 used in the simulation, alpha = 9.1085, beta1 = -0.2660, beta2 = 0.1272.  
The estimated inflation rate 
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=0.1272 is 9.14% larger than the true inflation rate 
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=0.14 used in the simulation.  They are within one standard deviation.  The ordinary least squares estimators are unbiased but they differ from the simulation parameters. 
[image: image40.emf]x2  Residual Plot
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With σ = 0.5, the variation in the variances are much greater than that of σ = 0.1. The residual are scattered, but there is not a clear pattern to them. 

However, the expected sample variance is still zero. The average residual over the entire range is always zero and the expected average residual is zero for each value of the X variable.
The regressions of case 1.1 – 1.4 give the expected results.  The parameter values were in the 95% confidence intervals for the estimators, and there was no obvious correlation between the residual and either calendar year or development year.

2. One Discrete Change in Inflation Rate with Average Inflation 
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 0.14
(
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=0.2 for calendar year 0-9 and 0.06 for calendar year 10-14)

Regressions are made again with a discrete change of the inflation rate in the 10th year. 
[image: image45.wmf]2
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=0.2 for calendar year 0-9 and 0.06 for calendar year 10-14. The weights of 55.5% and 44.5% are used here to verify that the new inflation rates give an average: 55.5% × 0.2 + 44.5% × 0.06 = 0.1377 
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 0.14. The parameter for geometric decay 
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 remains constant.  The regression equation remains 
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Case 2.1, One discrete change with average inflation = 0.14 and 
[image: image49.wmf]s

 = 0

[image: image50.wmf]s

=0 is chosen for the first run in order to ensure the model above is correct. As displayed in the spreadsheet of “RM_Unstable(Sigma=0)”, the slope of X2 changes dramatically at the point of 10th year. The estimated standard error 
[image: image51.wmf]s

 = 0.1358, which is much larger than 
[image: image52.wmf]s

=0 used in the simulation. This is because the fitted regression equation, which assumes a constant inflation rate, is not the same as the actual values.
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Then, 
[image: image54.wmf]s

 is changed to 0.01, 0.1 and 0.5 with the regression output as the table below:

	
	Case 2.4 
	Case 2.3
	Case 2.2 

	sigma
	0.5
	0.1
	0.01

	Estimate of sigma
	0.5266
	0.1628
	0.1364

	Estimate of beta2
	0.1491
	0.1304
	0.1373

	Standard error of beta2
	0.0153
	0.0047
	0.0040

	adjusted R2
	0.7517
	0.9609
	0.9731

	TSS
	132.9427
	80.7098
	82.4544

	ESS
	32.45
	3.1003
	2.1778

	RSS
	100.4927
	77.6095
	80.2766


Case 2.2, One discrete change with average inflation = 0.14 and 
[image: image55.wmf]s

 = 0.01
Next, 
[image: image56.wmf]s

 is changed to 0.01, so that the ordinary least square estimators are about the same as the simulation assumption. As indicated in the table, an adjusted R2 = 0.9731 is obtained. The estimated values are: standard error 
[image: image57.wmf]s

 = 0.1364, which is much larger than 
[image: image58.wmf]s

=0.01 used in the simulation. Such tremendous increase of the residual might due to the sharp change of the inflation rate in the 10th year. The estimated alpha = 9.3434, beta1 = -0.2596, beta2 = 0.1373. This estimated inflation rate is lower than that actual rate for the first 10 years and it is higher than the actual rate for the last 5 years. With such a low stochasticity, the ordinary least square estimators are about the same as the simulated average 0.1377. 
[image: image59.emf]x2  Residual Plot
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As displayed in the figure above, as well as available in spreadsheet of “RM_Unstable(Sigma=0.01)”, in the residual plot by calendar year, the residual plot appears as two line segments, with a upside-down ‘V’ shape. The residuals started negative and increased until year 9, where they decreased again. For the first 9 years, the actual inflation rate of 0.2 is greater than the fitted inflation rate of 0.1371. The residual is the actual Y value minus the fitted Y value. The actual Y values increase more rapidly than the fitted Y values, so the residuals increase for calendar year 0-9.

The residuals for years 0-5 and 12-14 are negative and the residuals for years 5-12 are positive.  Forecasts for calendar years 0-5 and 12-14 would be biased upward while forecasts for calendar years 5-12 would be biased downward. This is another problem incurred by the discrete change of the inflation rate in the 10th year.  
Case 2.3, One discrete change with average inflation = 0.14 and 
[image: image60.wmf]s

 = 0.1
After that, 
[image: image61.wmf]s

 is set to be 0.1, which is large enough for the simulation output to fluctuate moderately. An adjusted R2 = 0.9609 is obtained. The estimated values are: s = 0.1628, which is 62.8% larger than 
[image: image62.wmf]s

=0.1 used in the simulation. Such tremendous increase of the residual might result from the sharp change of the inflation rate in the 10th year. alpha = 9.3895, beta1 = -0.2554. 
[image: image63.wmf]s

 = 0.1 gives moderate fluctuations. It results in a fairly meaningful regression while keeping the data interesting.
[image: image64.emf]x2  Residual Plot
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As displayed in the figure above, as well as available in spreadsheet of “RM_Unstable(Sigma=0.10)”, the upside down ‘V’ shape due to the sharp discrete change can still be noticed. In the residual plot by calendar year, the residuals started negative and increased until year 9, where they decreased again. The residuals for years 0-5 and 12-14 are negative and the residuals for years 5-12 are positive.  Thus, forecasts for calendar years 0-5 and 12-14 would be biased upward while forecasts for calendar years 5-12 would be biased downward. This is the problem to be solved by the project. 

Compared to case 2.3 of 
[image: image65.wmf]s

 = 0.01, in this case, the dispersion in each calendar year is much bigger.
Case 2.4, One discrete change with average inflation = 0.14 and 
[image: image66.wmf]s

 = 05
Finally, 
[image: image67.wmf]s

=0.5 is chosen so that we can observe the impact of high stochasticity on the regression result. As a result, an adjusted R2 = 0.7517. The estimated values are: s = 0.5266, which is 5.32% larger than the 
[image: image68.wmf]s

=0.5 used in the simulation, alpha = 9.4115, beta1 = -0.2906.  
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Due to the high stochasticity, no patterns of the residual plot could be found. No obvious slope could be found as well for any duration. It shows that the high stochasticity can make the regression output unreadable. 
3. Using a dummy variable to account for the discrete change in Inflation Rate

(
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=0.2 for calendar year 0-9 and 0.06 for calendar year 10-14)

A dummy variable D is added into the regression equation, where D is 0 for calendar years 0-9 and 1 for calendar years 10-14. The regression equation is as below:
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The third independent variable is 
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. On the Excel worksheet, the third independent vatiable is coded as a formula. The IF built-in function of EXCEL is used to specified that D=1 if 
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>9. 
Case 3.1, Using a dummy variable to account for the discrete change with 
[image: image76.wmf]s

 = 0

The regression with a 
[image: image77.wmf]s

 of zero is conducted again to make sure that  the dummy variable is used correctly.  According to the tab “RM_Dummy(sigma=0)”, residuals in the regression output are equal to zero. With 0 stochasticity, different values for beta2 and beta2b are tried with various pre- and post-change inflation rates. It is found that using values of beta2=0.2 and beta2b=0.06 give the average inflation rate of 0.14, the constant inflation rate used in Case 2.

Next, 
[image: image78.wmf]s

 is changed to 0.01, 0.1 and 0.5 with the regression output as the table below:

	
	Case 3.4 
	Case 3.3
	Case 3.2 

	sigma
	0.5
	0.1
	0.01

	Estimate of sigma
	0.4736
	0.0935
	0.0105

	adjusted R2
	0.7973
	0.9905
	0.9999

	TSS
	131.7343
	109.4053
	110.5996

	ESS
	26.0214
	1.0142
	0.0128

	RSS
	105.7129
	108.391
	110.5868


Case 3.2, Using a dummy variable to account for the discrete change with 
[image: image79.wmf]s

 = 0.01
Next, 
[image: image80.wmf]s

 is changed to 0.01, so that the ordinary least square estimators are about the same as the simulation assumption. As indicated in the table, an adjusted R2 = 0.9999 is obtained. The estimated values are: standard error 
[image: image81.wmf]s

 = 0.0105, the estimated alpha = 9.0022, beta1 = -0.2602, beta2 = 0.1995, beta3 = 0.1414. beta3 is the coefficient for the third independent variable is 
[image: image82.wmf])
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. It is noticed that the estimator for beta2b is beta2- beta3=0.0579
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As displayed in the figure above, as well as available in spreadsheet of “RM_Dummy(Sigma=0.01)”, the line connecting the average residuals is horizontal at the X  axis, Y-X2 fit with the model above very well. The upside-down ‘V’ shape in case 2.2 disappear here. 

Case 3.3, Using a dummy variable to account for the discrete change with 
[image: image84.wmf]s

 = 0.1
After that, 
[image: image85.wmf]s

 is set to be 0.1, which is large enough for the simulation output to fluctuate moderately. An adjusted R2 = 0.9905 is obtained. The estimated values are: s = 0.0935, which is close to the 
[image: image86.wmf]s

=0.1 used in the simulation. alpha = 9.0307, beta1 = -0.2579, beta2 = 0.1938, , beta3 = 0.1465 . The estimator for beta2b is beta2- beta3=0.0473. 
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 = 0.1 gives moderate fluctuations but it is not too high to make the residual plots unreadable. It results in a fairly meaningful regression while keeping the data interesting. 

[image: image88.emf]x2  Residual Plot
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As displayed in the figure above, as well as available in spreadsheet of “RM_Dummy(Sigma=0.1)”, the line connecting the average residuals is fluctuating along the horizontal X axis. The line connecting the average residuals are roughly horizontal. The upside-down ‘V’ shape in case 2.2 disappear here. The mean residual plot by calendar year shows a mean residual of zero without any significant trends over calendar years. 

Case 3.4, Using a dummy variable to account for the discrete change with 
[image: image89.wmf]s

 = 05
Finally, 
[image: image90.wmf]s

=0.5 is chosen so that the impact of high stochasticity on the regression result can be observed. As a result, an adjusted R2 = 0.7973. The estimated values are: s = 0.4736, which is roughly the same level as the 
[image: image91.wmf]s

=0.5 used in the simulation, alpha = 9.0813, beta1 = -0.2634, beta2 = 0.1890, beta3 = 0.1313.  The estimator for beta2b is beta2- beta3=0.0577.
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As displayed in the figure above, as well as available in spreadsheet of “RM_Dummy(Sigma=0.5)”, the line connecting the average residuals is fluctuating violently along the horizontal X axis. The mean residual plot by calendar year shows a mean residual of zero without any significant trends over calendar years. 

4. Comparison among the cases of stable, unstable, and unstable with dummy variable 
Case 4.1, when sigma=0.01
From the constant inflation rate to the sharp discrete change, the ESS increases tremendously by 2.1778 – 0.0123= 2.1655; the adjusted R2 decreases from 0.9998 to 0.9731. On the other hand, after adding the dummy variable to explain the sharp discrete change, the ESS decreases tremendously by 0.0128 – 2.1778 = -2.165, or -67.29%; the adjusted R2 increases from 0. 9731 to 0.9999.
	
	Case 3.2 (Unstable with Dummy Variable)
	Case 2.2 (Unstable)
	Case 1.2 (Stable)

	Estimate of sigma
	0.0105
	0.1364
	0.0102

	Estimate of beta2
	-----------
	0.1373
	0.1398

	Standard error of beta2
	-----------
	0.0040
	0.0003

	adjusted R2
	0.9999
	0.9731
	0.9998

	TSS
	110.5996
	82.4544
	80.5621

	ESS
	0.0128
	2.1778
	0.0123

	RSS
	110.5868
	80.2766
	80.5498


Case 4.2, when sigma = 0.1
From the constant inflation rate to the sharp discrete change, the ESS increases by 3.1003 – 1.3473 = 1.753, or 130.61%; the adjusted R2 decreases from 0.9833 to 0.9609.  On the other hand, after adding the dummy variable to explain the sharp discrete change, the ESS decreases by 1.0142 – 3.1003 = -2.0861, or -67.29%; the adjusted R2 increases from 0.9609to 0.9905.  
	
	Case 3.3 (Unstable with Dummy Variable)
	Case 2.3 (Unstable)
	Case 1.3 (Stable)

	Estimate of sigma
	0.0935
	0.1628
	0.1073

	Estimate of beta2
	-----------
	0.1304
	0.1398

	Standard error of beta2
	-----------
	0.0047
	0.0031

	adjusted R2
	0.9905
	0.9609
	0.9833

	TSS
	109.4053
	80.7098
	82.1315

	ESS
	1.0142
	3.1003
	1.3473

	RSS
	108.391
	77.6095
	80.7842


Case 4.3, when sigma = 0.5

From the constant inflation rate to the sharp discrete change, the ESS increases by 32.45– 26.2743= 6.1757, or 23.5%; the adjusted R2 decreases from 0.7464 to 0.7517. On the other hand, after adding the dummy variable to explain the sharp discrete change, the ESS decreases by 26.0214– 32.45= -6.4286, or -19.81%;the adjusted R2 increases from 0. 7517to 0.7973.
	
	Case 3.4 (Unstable with Dummy Variable)
	Case 2.4 (Unstable)
	Case 1.4 (Stable)

	Estimate of sigma
	0.4736
	0.5266
	0.4739

	Estimate of beta2
	-----------
	0.1491
	0.1327

	Standard error of beta2
	-----------
	0.0153
	0.0137

	adjusted R2
	0.7973
	0.7517
	0.7464

	TSS
	131.7343
	132.9427
	105.3717

	ESS
	26.0214
	32.45
	26.2743

	RSS
	105.7129
	100.4927
	79.0974


Conclusion
From the regression analysis, the following conclusions can be made:
1. Non-constant parameters cause standard error, ESS to increase, and R2 values to decrease.  

The estimated variance, standard errors, and ESS increased in Case 2 compared to Case 1 due to the discrete change of inflation rate in the 10th year.  In the residual plot by calendar year, the residuals started negative and increased until year 9, where they decreased again (upside-down “V”).  The residuals for years 0-5 and 12-14 are negative and the residuals for years 5-12 are positive.  Thus, forecasts for calendar years 0-5 and 12-14 would be biased upward while forecasts for calendar years 5-12 would be biased downward. Adding a discrete change to the inflation rate introduces more error into the model than one with stable rates. 

2. A Dummy variable solves the above problem for the case of a discrete change in the parameters. 

The addition of the dummy variable in case 3 solved the problems of increased standard error and sum of squared errors.  With less ESS and higher adjusted R2, the regression equation with dummy variable has explained a bit more of the data than the one without dummy variables. The mean residual plot by calendar year also shows a mean residual of zero without any significant trends over calendar years.  Adding the dummy variable gives a residual plot with a horizontal line at zero, and the ordinary least squares estimators agrees with the simulation parameters.
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