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Introduction:

In this paper I’m going to use a data set of Auto Liability and apply the techniques discussed in the paper “A Least Squared Method of Producing Bornhuetter-Ferguson Initial Loss Ratios” by Paul Brehm to determine the expected loss ratio in the Bornhuetter-Ferguson methodology (B-F method) using linear regression.  The loss ratio of a particular accident year and a certain development age is dependent on premium level, trending and development.  A premium level has been developed for each accident period using on-leveling based on rates and rule changes.  I will explore the effects of trend (inflation rates), development patterns and the difference between incurred and paid data using the techniques discussed in this paper. 
Background:

The B-F method estimates the ultimate loss ratio for accident period i, with cumulative losses evaluated at j is:
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Where:

Lij = loss ratio for accident period i evaluated cumulatively at j


Fj = development factor from age j to ultimate



UiBF= Bornhuetter-Ferguson estimate of ultimate for accident period i



Ui* = underlying ultimate loss ratio for accident period i



Ti = trend from time (i-1) to i



Pi = earned effect of pricing from time (i-i) to i
Subtracting the above equation from an estimate evaluated one period earlier and after some manipulation we get the following equation: 
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The term on the left is the incremental loss ratio and the term on the right is its expectation.  Assuming accident period loss ratios can be linked together over time by periodic trend (Ti) and pricing (Pi) factors according to:

[image: image4.wmf](

)

(

)

Õ

=

+

+

=

i

k

k

k

i

P

T

U

U

2

*

1

*

1

1


Substituting this equation into the previous:
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This formula is in the form of Yij = β Xij + εij where Yij are incremental loss ratios, the Xij are the ‘independent variables’, and β is the initial underlying loss ratio seed for the B-F method, U1*.  
I will be assuming a constant trend over the experience period and then run multiple iterations to determine the trend that maximizes R2.
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Calculations:

The graph 1 and 2 shows the incremental loss ratios by accident period over time (development period).  
Graph 1 Paid Data
[image: image7.emf]Incremental Paid Development by Accident Year
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Graph 2 Incurred Data
[image: image8.emf]Incremental Development by Accident Year
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Graphs 3 and 4 are displayed by development period over accident period and the incremental loss ratios by evaluation would ideally behave like random patterns of points about a smooth trend line, if a constant trend and on-level factors truly picked up all the sources of systematic change over time.
Graph 3 Paid Data
[image: image9.emf]Incremental Paid Development by Development Year
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Graph 4 Incurred Data
[image: image10.emf]Incremental Development by Development Year
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However paid data shows a peak in the patterns in accident year 3 and 4 suggesting a non-constant trend parameter or, alternatively, something affecting the loss ratios other than trend.  The incurred data generally follows a smooth trend line.      

Development factors are selected for each age of development and show in the table below.

	Age (Months)
	      12 
	      24 
	      36 
	      48 
	      60 
	      72 
	      84 
	      96 
	      108 
	      120 
	      132 

	Paid Factor
	   4.80 
	   2.38 
	   1.46 
	   1.17 
	   1.07 
	   1.03 
	   1.01 
	   1.00 
	     1.00 
	     1.00 
	     1.00 

	Inc. Factor
	1.69
	1.20
	1.06
	1.01
	1.01
	1.00
	1.00
	1.00
	1.00
	1.00
	1.00


Using pre-selected premium on-leveling and the development factors above, the R2 using a constant exponential trend fit is maximized at 2.0% for Paid and 4% for Incurred data as shown in graphs 5 and 6.  Further analysis using dummy variables may be warranted on the paid data portion.   
Graph 5 Paid Data
[image: image11.emf]R-Squared v. Assumed Trend for Paid Data
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Graph 6 Incurred Data
[image: image12.emf]R-Squared v. Assumed Trend Incurred Data

94.70%

94.90%

95.10%

95.30%

95.50%

95.70%

95.90%

96.10%

96.30%

0.0% 1.0% 2.0% 3.0% 3.5% 4.0% 4.5% 5.0%

Loss Trend

R-Squared Values


Regression Model:

The resulting regression output using 2.0% trend and selected premium and development factors for paid data can be seen below.
	Regression Statistics

	Multiple R
	0.97342

	R Square
	0.94754

	Adjusted R Square
	0.93216

	Standard Error
	0.02696

	Observations
	66


	ANOVA
	
	
	
	
	

	 
	df
	SS
	MS
	F
	Significance F

	Regression
	1
	0.8535
	0.8535
	1174.1382
	6.87809E-43

	Residual
	65
	0.0473
	0.0007
	
	

	Total
	66
	0.9007
	 
	 
	 


	 
	Coefficients
	Standard Error
	t Stat
	P-value
	Lower 95%
	Upper 95%
	Lower 99.0%
	Upper 99.0%

	Intercept
	0
	#N/A
	#N/A
	#N/A
	#N/A
	#N/A
	#N/A
	#N/A

	Relative
	0.4788
	0.0140
	34.2657
	2.5029E-43
	0.4509
	0.5068
	0.4418
	0.5159
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The resulting regression output using 4.0% trend and selected premium and development factors for incurred data can be seen below.

	Regression Statistics

	Multiple R
	0.98031

	R Square
	0.96101

	Adjusted R Square
	0.94562

	Standard Error
	0.03276

	Observations
	66


	 
	df
	SS
	MS
	F
	Significance F

	Regression
	1
	1.71895
	1.71895
	1601.9446
	5.12884E-47

	Residual
	65
	0.06975
	0.00107
	
	

	Total
	66
	1.78870
	 
	 
	 

	 
	Coefficients
	Standard Error
	t Stat
	P-value
	Lower 95%
	Upper 95%
	Lower 99.0%
	Upper 99.0%

	Intercept
	0
	#N/A
	#N/A
	#N/A
	#N/A
	#N/A
	#N/A
	#N/A

	X Variable 1
	0.5074
	0.01268
	40.02430
	1.6197E-47
	0.482127
	0.53277
	0.47380
	0.54109


[image: image14.emf]Incurred Relative Line Fit Plot
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It is worth observing the residuals of the observations from the regression model.  I expect the overall sum of the residuals to be close to zero, in this case I get .113 for paid and .564 for incurred.  The figure below shows the residual plot.
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[image: image16.emf]Incurred Relative Residual Plot
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Conclusion
It can be seen from the high R2 values and the relative line fit plots above the high quality of our predictive slope to the actual data.  The R2 of .9475 for paid and .9610 for incurred implies the regression equation explains 94.75% and 96.10% respectively of the variation in the dependent variable.  The F value of 1174 for paid and 1602 for incurred allows one to reject the null hypothesis that there is no relationship between actual loss ratios and expected ultimate loss ratio.  The critical value associated with a 5 percent level of significance and 1 and 65 degrees of freedom in the numerator and the denominator, respectively is less then 4.  Since the calculated F of 1174 and 1602 are greater than the critical value, I reject the null hypothesis at the 5 percent level of significance.  (I could also reject the null hypothesis at the 1 percent level of significance.)
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