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RA Project: Generalized Linear Model

This regression analysis project performs the regression analysis of the inflation rate on interest rate. Both inflation rate and interest rate are important factors in pricing and reserving in the actuarial sciences. The project will go through the three steps: data analysis, modeling and model diagnostic.

Data Analysis 
Following table is a historical record of 12 months period of inflation rates and interest rates.¹ 

	Time
	Inflation Rate Y      (in %)
	Interest Rate X   ( in %)

	1
	2.53
	6.01

	2
	3.17
	6.25

	3
	3.64
	6.44

	4
	4.69
	6.59

	5
	4.35
	6.75

	6
	3.46
	7.00

	7
	3.42
	7.15

	8
	3.99
	7.26

	9
	3.6
	7.5

	10
	3.36
	7.53

	11
	3.55
	7.75

	12
	4.17
	7.93


Now, we are going to calculate the median (M), lower hinge ([image: image2.png]


) and upper hinge ([image: image4.png]


) of Y’s. Since n=12, and put y values n order,
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Then
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Thus,

[image: image7.png]



1. Y represents the inflation rate as a response variable. X represents the interest rate as an independent variable.
Also,
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The lower hinge ([image: image10.png]


) is,
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The upper hinge ([image: image13.png]


) is,
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The ratio of [image: image16.png]Hy—M
v,

=27059>1



 which indicates the distance of upper hinge from the median is greater than the distance of lower hinge from the median. Therefore, the Y data is positive skewed. 
Modeling: Generalized Linear Model
Since the Y data is not normal distributed, the classical linear regression model is not appropriated in this project. We choose to use the generalized linear model (GLM). The generalized linear model includes three components:
i. Random component: the conditional distribution of the response variable

Both Poisson distribution and Gamma distribution are positive skewed. But Poisson distribution is used for count data (positive integers). According to the response variable Y data is positive skewed and not integers; we choose the Gamma distribution as the conditional distribution of the response variable.

ii. Linear predictor: a linear function of repressors
Use the data above, from the result of the generalized linear model (GLM) use R, coefficient of the intercept is 0.42082 and the coefficient of the independent variable X is -0.02098. Hence, we got the linear function of regressors: ²
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2. See APPENDIX I: The generalized linear model (GLM) use R

iii. Link function: transforms the expectation of the response variable to the linear predictor

The canonical link function associate with Gamma family is inverse function. We use inverse function for the link function in this project: 

Which is?
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Where,
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Now, we could establish the generalized linear model letting,
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Or:
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Thus:
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Hence, the generalized linear model is, 
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Which is,
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Model Diagnostic

Post diagnostic is very important to proceed using the model. According to the data of explanatory variable X below, the hat values are small. This indicates the data has low leverage.   
	Count
	X
	Deviance
	Square of Deviance
	Hat Values

	1
	6.01
	-1.00333
	1.006677778
	0.243566789

	2
	6.25
	-0.76333
	0.582677778
	0.140979526

	3
	6.44
	-0.57333
	0.328711111
	0.079532013

	4
	6.59
	-0.42333
	0.179211111
	0.043360324

	5
	6.75
	-0.26333
	0.069344444
	0.016777964

	6
	7
	-0.01333
	0.000177778
	4.30135E-05

	7
	7.15
	0.136667
	0.018677778
	0.004519109

	8
	7.26
	0.246667
	0.060844444
	0.01472138

	9
	7.5
	0.486667
	0.236844444
	0.057304772

	10
	7.53
	0.516667
	0.266944444
	0.0645875

	11
	7.75
	0.736667
	0.542677778
	0.131301482

	12
	7.93
	0.916667
	0.840277778
	0.203306127

	Ave/Sum
	7.013333
	
	4.133066667
	


The residual deviance is:
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where [image: image27.png]


 is maximized likelihood under the model and [image: image29.png]


 is the maximized likelihood under a saturated model. The residual deviance for this generalized linear model is 0.2564.³  
We could also use the likelihood-ratio test for significance of the null hypothesis of [image: image31.png]


.

Since, the likelihood-ratio test statistic:
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Has one degree of freedom χ² distribution. Where, [image: image34.png]InL,



 is the maximized log likelihood for the full model, and  [image: image36.png]InL,



 is the maximized log likelihood for the model in which [image: image38.png]


.

In this General Linear Model, the condition distribution of Y is Gamma distribution. We have its likelihood function as:
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First, we need to estimate the [image: image41.png]



Since,
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3. See APPENDIX I: The generalized linear model (GLM) use R

Let, 
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Solve this set of equations, we have[image: image45.png]
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Then:
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Let,
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We have,
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Then,
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The critic value of χ² distribution at 95% level with one degree of freedom is 3.84 which is small than 67.94. Therefore we reject the null hypothesis and the [image: image52.png]


is significant.

In conclusion, this model is appropriated, because the hat values and the residual deviance are small and significance of [image: image54.png]


 . We are going to use this generalized linear model to predict future interest rate.
For example, if we know the interest rate for month 13th  is 8%, that is [image: image56.png]


. We could use the formula above to predict the inflation rate for the month 13th,
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Therefore, the inflation rate for the month 13th  is 3.95%, if the interest rate for month 13th  is 8%.

4. See APPENDIX II:  Table of Excel output for Hypothesis Testing
APPENDIX I: 
The generalized linear model (GLM) use R
Following is the R code for generalized linear model in this project and the results:

> xv<-c(6.01,6.25,6.44,6.59,6.75,7,7.15,7.26,7.5,7.53,7.75,7.93)

>yv<-c(2.53,3.17,3.64,4.69,4.35,3.46,3.42,3.99,3.6,3.36,3.55,4.17)

> glm.gamma.inverse<-glm(y~x, family=Gamma(link="inverse"))

> glm.gamma.inverse

Call:  glm(formula = y ~ x, family = Gamma(link = "inverse"))

Coefficients:

(Intercept)            x  

    0.42082     -0.02098  

Degrees of Freedom: 11 Total (i.e. Null);  10 Residual

Null Deviance:      0.2806 

Residual Deviance: 0.2564       AIC: 24.81

APPENDIX II:
Table of Excel output for Hypothesis Testing

	
	Y
	X
	dev Y
	Dev Y Sqr
	α+βX
	ln(α+βX)
	1/((α+βX)ω)
	H₀: β=0

	
	          2.53 
	          6.01 
	        (1.13)
	           1.28 
	           0.29 
	         (1.22)
	            37.67 
	

	
	          3.17 
	          6.25 
	        (0.49)
	           0.24 
	           0.29 
	         (1.24)
	            38.33 
	

	
	          3.64 
	          6.44 
	        (0.02)
	           0.00 
	           0.29 
	         (1.25)
	            38.86 
	

	
	          4.69 
	          6.59 
	          1.03 
	           1.06 
	           0.28 
	         (1.26)
	            39.30 
	

	
	          4.35 
	          6.75 
	          0.69 
	           0.47 
	           0.28 
	         (1.28)
	            39.77 
	

	
	          3.46 
	          7.00 
	        (0.20)
	           0.04 
	           0.27 
	         (1.29)
	            40.53 
	

	
	          3.42 
	          7.15 
	        (0.24)
	           0.06 
	           0.27 
	         (1.31)
	            41.00 
	

	
	          3.99 
	          7.26 
	          0.33 
	           0.11 
	           0.27 
	         (1.31)
	            41.35 
	

	
	          3.60 
	          7.50 
	        (0.06)
	           0.00 
	           0.26 
	         (1.33)
	            42.14 
	

	
	          3.36 
	          7.53 
	        (0.30)
	           0.09 
	           0.26 
	         (1.34)
	            42.24 
	

	
	          3.55 
	          7.75 
	        (0.11)
	           0.01 
	           0.26 
	         (1.35)
	            43.00 
	

	
	          4.17 
	          7.93 
	          0.51 
	           0.26 
	           0.25 
	         (1.37)
	            43.64 
	

	AVE
	          3.66 
	          7.01 
	
	
	
	
	
	

	SUM
	
	
	
	           3.63 
	           3.28 
	       (15.56)
	          487.84 
	


	s²
	
	
	
	           0.33 
	
	
	
	

	ω
	
	
	
	0.0900613
	
	
	
	

	ψ
	
	
	
	40.648261
	
	
	
	

	α
	 
	
	
	    0.42082 
	
	
	
	

	β
	 
	
	
	  (0.02098)
	
	
	
	   

	G₀²
	
	
	
	
	
	
	
	        67.94 


