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A Case Study of Female Life Expectancy

I: Introduction and Objective
The objective of this project was to analyze the female life expectancy. This case study developed a multiple linear regression model based on the density of people per television and the density of people per physician from 36 countries. A number of residual diagnostic tests were used to evaluate the correctness and feasibility of the model. Furthermore, predictions of life expectancies for Canada and China were produced by the model. 
The analysis in this project was done using the statistic software R.  This report summarized the key findings, recommendations and relevant graphs. All the R codes and outputs were used to conduct the results can be found in “R codes and outputs – Jo Du.txt” file attached. 

II: Analysis
1. Data Source

The data was originally collected from The World Almanac and Book of Facts 1993 (1993), New York:  Pharos Books. An extract for this case study was obtained from http://mathforum.org/workshops/sum96/data.collections/datalibrary/data.set6.html
Due to the incompleteness of the data, information for Tanzania and Zaire was deleted from the original dataset. For model training purposes, data for Canada and China were also removed; the original data would be used to validate prediction results.

2. Model Selection

First of all, a Forward Stepwise (FS) regression method was used to select appropriate regressors and to define a model. Female life expectancy (female) was treated as the response variable, and density of people per television (ppt) and density of people per physician (ppp) were identified as the possible regressors. Since ppt had the highest sample correlation of -0.5951238 with the response female, a simple linear regression (SLR) of female versus ppt was proposed at first. Based on FS, more regressors could be added to create a more accurate model; in this case, ppp was added. By adding the second regressor, Akaike Information Criterion (AIC) became smaller; the condition number of 8.920966 was less than 1000, which suggested there was no multicollinearity existing in the model. A suggestion was made that the model should contain female, ppt, and ppp. However, a straight linear regression of female ~ ppt + ppp yielded a low value of 0.3868 for adjusted R-squared, which was not satisfactory and the significance of the regressors was also questionable. An idea of applying transformation on the original data was proposed.
Transformations of the original data were suggested by the Additivity and Variance Stabalization for regression (AVAS) method. From the plots produced by AVAS, guesses were made that a log-transformation could be applied to both the regressors - ppt and ppp. If the response variable, female, was also log-transformed then adjusted R-squared increased to 0.7906 and it yielded highly statistical significant regressors. Therefore, the final model was determined to be
log(female) = 4.638663 − 0.048570 * log(ppt) − 0.039481 * log(ppp) + ε

3. Diagnostic of the Model

The adequacy of the model was examined by the homoscedastic, uncorrelated, and normality properties of residuals. 

3.1 Tests on Original Data

Homoscedasticity 

As indicated in Fig. 2 and Fig. 3, variability of residuals increased with an increase in fitted values and with index, in particular, showing an “open gramophone” pattern. Hence, the assumption of constant variance of residuals was not satisfied. Therefore, the residuals were not homoscedastic. 
Uncorrelatedness
The assumption of uncorrelatedness of the residuals was verified by the DW test, the Runs test, and the ACF plots.

Normality

Shapiro-Wilk test showed no evidence to reject normality. However, both histogram and Q-Q plot presented evidence of rejecting the normality assumption. A conclusion was drawn that the residuals were NOT normally distributed.

3.2 Outliers and Influential Observations

Three significant outliers were observed, namely the 24th, 27th, and 32nd cases. The diagnostic tests were performed again after removing the outliers. 

3.3 Tests on Data without Outliers

Homoscedasticity 

Based on the comparison done in Fig. 2 and Fig. 3, residuals did not vary when the fitted value became bigger. Variability of residuals was more or less constant with respect to increase in index. Hence, the assumption of constant variance of residuals was satisfied, i.e., the residuals were homoscedastic. 

Uncorrelatedness
The same as before removing the outliers, the assumption of uncorrelatedness of the residuals was verified by the DW test, the Runs test, and the ACF plots.  

Normality

Q-Q plot without outliers was comparable to a normal distribution; whereas Shapiro-Wilk test continued to show no evidence of rejecting normality. Even though the histogram still did not yield a bell-shaped curve, the assumption of normality was verified by the previous two tests. 
In summary, homoscedastic, uncorrelated, and normality properties were satisfied after removing the outliers; therefore, the model proposed in Part 2 was adequate. 

4. Comparison of Predictions

The following summary was extracted from the original data:

	Country
	Life expectancy
	People/TV
	People/ physician
	Female life expectancy
	Male life expectancy

	Canada
	76.5
	1.7
	449
	80
	73

	China
	70
	8
	643
	72
	68


A simple conversion of power e was applied to transform predicted values from the log-transformed model to original life expectancies. For Canada, the actual value 80 did not lie in the prediction interval (84.85967, 116.1646), and there was a 24% difference between the actual value and predicted value (99.28594). For China, the actual value of 72 did not lie in the prediction interval (78.62534, 109.3033) either, and there was a 28% difference between the actual value and predicted value (92.70394). In conclusion, the model does not possess a good prediction capacity.

III: Conclusions & Recommendations
The model was reasonable based on the satisfactory adjusted R-squared value and the significance of regressors. However, the predictions were not accurate and the model lacked a reasonable prediction capacity.

Although after removing the outliers, the homoscedasticity and the normality of the residuals were accepted, but these conclusions were not based on very strong results. So, it might be a good idea to find another explanatory variable which may ensure that the assumptions of OLS are better satisfied.

While selecting the model, choosing ppt and ppp as the response variables satisfied the requirement of no multi-collinearity in the model. However, there existed a strong positive correlation between these two response variables. Therefore, it is recommended that an interaction term be defined for a better model.
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Figure 1: Transformations of the explanatory (ppt and ppp) and response (female) variables.
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Figure 2: Scatter plots of the MLR residuals vs. fitted values with outliers (left plot) and MLR residuals vs. fitted values without outliers (right plot).
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Figure 3: Time-series scatter plots of the MLR residuals vs. fitted values with outlier (left plot) and MLR residuals vs. fitted values without outliers (right plot).
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Figure 4: Sample ACF plot of residuals with outliers (left plot) and without outliers (right plot).
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Figure 5: Histogram of residuals with the superimposed theoretical normal curve; with outliers (left plot) and without outliers (right plot).
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Figure 6: QQplots of the residuals; with outliers (left plot) and without outliers (right plot).
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Figure 7: The plot of externally studentized MLR residuals vs. fitted values.
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Figure 8: Analysis of influential points and outliers among the MLR residuals.

