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Time Series Analysis: Monthly versus Daily Higher-High Tide
Introduction

Ocean tides rise and fall from the gravitational pull of the Moon and the Sun on Earth.  As the distance between the Earth and the Sun change throughout the year, so does the strength of the Sun’s gravitational force on Earth’s water.  As the Moon rotates monthly about the Earth and the Earth rotates daily about it’s axis, it too exerts a gravitational force on the Earth pulling Earth’s water towards itself creating high and low tides.  Since the Moon is much closer to Earth than the Sun to Earth, the Moon’s forces have stronger effect on Earth’s tides.  There are two high tides and two low tides daily, alternating twice between low and high in a period of approximately 24 hours and 50 minutes.  (This information was obtained from the websites referenced in the supporting excel spreadsheet for this project on tab ‘research’.)
In this project, I examined several ARIMA models to determine the best fit model for forecasting the higher-high tide.  The time series was modeled both on a monthly basis and a daily basis to identify the best model of higher-high tide.  Throughout this report, I will interchange the terms higher-high tide and high tide, both referring to the higher of the two daily high tides.
Data
Data from the San Diego, CA station ID 9410170 was used for these time series.  Monthly data modeled for this project is average monthly high tide from January 1, 2000 to December 31, 2009 and daily data modeled for this project is daily high tide from January 1, 2010 to December 31, 2010.  Since the timing of high and low tides vary, some days have no recorded higher-high tide and some days have two.  No adjustment was made for this since the “daily” modeling focuses on the cycle of high tides rather than the day of the month of the high tide.  Both sets of data can be found at http://tidesandcurrents.noaa.gov.  (Actual data values used for this project can be found in the supporting excel spreadsheet.)
The average monthly higher-high tides over a 12 month period can be seen in the graph below.  The ten years of high tides clearly show a seasonal cycle.  The highest tides are seen in the summer months and the winter months when the Sun is closest to the Earth.  This is when the Sun’s gravitational force is strongest on Earth’s oceans.
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The daily high tide is shown in the graph below on a 29 day cycle.  This period was chosen because it takes approximately 29.5 days for the Moon to complete the moon phase cycle as seen from Earth.  This shows a seasonal cycle in line with the phases of the Moon and its distance from Earth during its rotation.  (Other cycles examined can be found in the supporting excel spreadsheet.)
[image: image2.emf]2010 Daily High Tide (29 day cycle)
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Stationarity and Seasonality
To test for stationarity and adjust for seasonality, multiple correlograms were graphed to determine the best fit data set for ARIMA modeling.  As seen in the series of graphs below, it was necessary to de-seasonalize the data for it to be stationary and thus appropriate for ARIMA modeling.  A seasonal adjustment was made on the monthly data for a seasonal period of 12 months.  A seasonal adjustment was made on the daily data for a seasonal period of 29 days.  The correlogram of monthly de-seasonalized higher-high tide height shows that the data is stationary since it has a relatively rapid decline.  The correlogram of daily de-seasonalized higher-high tide height does not exhibit stationarity in the sample autocorrelation function.

Monthly Correlograms
[image: image3.emf]Correlogram of Higher-High Tide Height
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[image: image4.emf]Correlogram of First Difference of Higher-High Tide Height
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In the correlogram below, the data was de-seasonalized by taking the difference every 12 months.

[image: image5.emf]Correlogram of De-seasonalized
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Daily Correlograms
[image: image6.emf]Correlogram of Higher-High Tide Height
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[image: image7.emf]Correlogram of First Difference of Higher-High Tide Height
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In the correlogram below, the data was de-seasonalized by taking the difference every 29 days.

[image: image8.emf]Correlogram of De-seasonalized
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Model Specification
Once a stationary time series is identified, it is necessary to test for the appropriate ARIMA model.  Three models were compared on this data to determine the best fit for this time series – the autoregressive processes AR(1), AR(2), and AR(3).  On these three models, two tests were performed to check if the residuals are white noise – Durbin-Watson statistic and Box-Pierce Q statistic.  White noise has a Durbin-Watson test statistic of 2 indicating no serial correlation of the residuals.  White noise has a Box-Pierce Q statistic that is lower than the Chi Squared statistic.  Once the residuals were identified as white noise with no serial correlation, the adjusted R-squared values were examined to determine the best fit model.  By principle of parsimony, if the AR(2) or AR(3) models are not clearly better than the AR(1) model, the model with the least parameters will adequately model the time series.

Monthly Model
Summary results for the de-seasonalized monthly model are shown in the tables below.  (Detailed results can be found in the supporting excel spreadsheet.)
[image: image9.emf]Model Intercept 1st Coefficient 2nd Coefficient 3rd Coefficient

δ Φ1 Φ2 Φ3

AR(1) 0.0056 0.5069

AR(2) 0.0049 0.4375 0.1421

AR(3) 0.0052 0.4465 0.1743 -0.0751


[image: image10.emf]Model R square

Adjusted               

R square

Durbin-Watson 

Statistic

Box-Pierce        Q 

Statistic Chi Square

AR(1) 0.2431 0.2357 2.0818 93.8191 120.6789

AR(2) 0.2577 0.2430 1.9297 86.1680 120.6789

AR(3) 0.2616 0.2395 1.9911 89.4760 120.6789


All three models are stationary as seen by their coefficients, all of whose absolute value of sums are less than 1.  The AR(3) model has a Durbin-Watson statistic closest to 2 but all three models pass the DW test for white noise.  The three models Box-Pierce Q statistic is less than the relative Chi squared statistic therefore not rejecting the null hypothesis that the residuals are white noise.  Since the adjusted R squared of the AR(3) is not clearly better than the AR(1), the AR(1) model is chosen as the best fit for the time series modeling of de-seasonalized average monthly high tide height.  Therefore, the final model is:

AR(1)12 :
Yt = .0056 + .5069Yt-1 + et
Daily Model
Summary results for the de-seasonalized daily model are shown in the tables below.  (Detailed results can be found in the supporting excel spreadsheet.)

[image: image11.emf]Model Intercept 1st Coefficient 2nd Coefficient 3rd Coefficient

δ Φ1 Φ2 Φ3

AR(1) -0.0008 0.8212

AR(2) -0.0023 1.2163 -0.4861

AR(3) -0.0018 1.2893 -0.6692 0.1525


[image: image12.emf]Model R square

Adjusted               

R square

Durbin-Watson 

Statistic

Box-Pierce        Q 

Statistic Chi Square

AR(1) 0.6724 0.6713 1.2051 798.0208 350.7174

AR(2) 0.7506 0.7491 1.8403 341.0581 350.7174

AR(3) 0.7565 0.7542 1.9651 333.6474 350.7174


Only the AR(1) and AR(2) models are stationary as seen by their coefficients.  The AR(3) model first coefficient is not less than 1, therefore the model is not stationary.  The AR(3) model has a Durbin-Watson statistic closest to 2 but is not stationary.  The AR(1) model does not fall within a reasonable range of 2 to eliminate the possibility of serial correlation amongst the residuals.  The AR(2) and AR(3) models pass the DW test for white noise.  The AR(1) model rejects the null hypothesis that the residuals are white noise when testing the Box-Pierce Q statistic.  The AR(2) and AR(3) models Box-Pierce Q statistic is less than the relative Chi squared statistic therefore not rejecting the null hypothesis that the residuals are white noise.  These tests leave the AR(2) model as the best fit for the time series modeling of de-seasonalized daily high tide height.  Therefore, the final model is:

AR(2)29 :
Yt = -0.0023 + 1.2163Yt-1 – 0.4861Yt-2 + et
Forecasting
Using the AR(1) model to forecast monthly high tide, the graph below shows the actual to predicted results.  This model shows a relatively accurate predication of average de-seasonalized monthly high tides.
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Using the AR(2) model to forecast daily high tide, the graph below shows the actual to predicted results.  This model shows an even more accurate predication of de-seasonalized daily high tides.
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Conclusion
By looking at the two autoregressive models which forecast high tides, the daily model shows a better fit for forecasting.  This is in line with the research which explained the causes of high tides.  The gravitational force of the Moon has a greater effect on the Earth’s tides than that of the Sun.  Hence we see that the daily forecasting model which focuses on the forces of the Moon on Earth’s tides is more accurate than the monthly forecasting model which shows the effect of the Sun’s gravitational forces on the Earth.

